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Abstract 
Rovder, J., Asymptotic and oscillatory behaviour of solutions of a linear differential equation, Journal of 
Computational and Applied Mathematics 41 (1992) 41-47. 
The linear differential equation yfn’ + p! t 1 ytk) + q(t )y = 0 is considered. Under the assumption that ratios of 
c-t-rain powers of the coefficients and some of the derivatives of the equation are small, the asymptotic and 
oscillatory behaviour as t -+ 00 OC a fw-~ ..,amental set of solutions are given. 
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1. Introduction 
In [12] the author derived asymptotic formulae for the differential equation 
y@) +p( t)y’k’ - (- v-k?(t)Y = 0, (1) 
where n, k, m are integers, n :, 1, 1 < k < n, m = 1, 2, p(t), q(t) are continuous functions as 
well as their derivatives that are used in the theorems, q(t) > 0 and ratios of certain powers of 
the coefficients and some of their derivatives are small. The asymptotic formulae for the 
differential equation y " f q(t) y = 0, which have wide application in quantum mechanics, were 
derived in [14] under similar conditions. 
The same kind of conditions were used by other authors investigating the asymptotic 
behaviour of the general differential equation of the second order and the differential 
equations of the third, fourth and binomial of the nth order [3,4,8,14]. 
The aim of this paper is to derive the oscillatory properties of a fundamental system of (1) 
provided that the asymptotic behaviour of (1) is known. The symbol L[a, 00) will refer to the set 
of all com@fi= ,,,,-valued functions which are Lebesgue integrable in [a, 00). 
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From (9) we obtain real solutions Uj(l), L$ r 1 such that 
rrl”(?) = R,,,(t)[ COS Zj(t) + O(l)] 9 
L?)(t) =Ri,(t)[SiIl Zj(t) + O(l)], 
(10) 
j=l,2 ,..., n, s=O, l,..., n-l. 
In the following two theorems (the first one is for the even order of (11, the second one for 
the odd order) properties of a fundamental system included in (10) are given. 
Thmrem 6. Let p(t) and q”(t) be continuous functions and let q(t) # 0 on [a, 00). Let 
d’(t) PW 
1+ 1/2n and 
q(t) s(t) 
1 -(k+ 1)/2n (11) 
be in L[a, 4. Then there exists a fundamental system yj(t), j = 1, 2,. . . ,2n, of the differential 
equation 
y Gn) +p( t )y MI + q(t)y = 0, (12) 
such that for the solutions y,(t) and their derivatives of the order s, s = 0, 1,. . . ,2n - 1, the 
following hold: 
(iI if n is an even number and q(t) > 0, theit y:“‘(t), j = 1, 2,. . . ,2n, are oscillatory functions. 
They approach zero as t + 00 for j = 1, 2,. . . , n; and they are 
2 ,...,2n; 
(ii) if n r‘s an odd number and q(t) > 0, then yj”)( t), j = 1, 2,. 
lliey approach zero as t + 00 for j = 2, 3, . . . , n, and they are 
3 , . . . ,2n. l;he product 
unbounded for j = n + 1, n + 
. ,2n, are oscillatory functions. 
unbounded for j = n + 2, n + 
is bounded for j = 1, n + 1; 
(iii) if n is an even number and q(t) < 0, then yy)( t), ~2: Jt) are nonoscillatory functions, 
$0) --, 0, YF!,( ) t + 00 as t + 00; yj’)( t) are oscillatory functions for j = 2, 3, . . . , n, n + 2, . . . ,2n. 
lky approach zero as t --, 00 for j = 3,4,. . . , n, and they are unbounded for j = n + 3,. . . ,2n. The 
product 
is a bounded function if j = 2. n -I- 2; 
(iv) if n is an odd number and q(t) < 0, then y\“‘(t), yr$ ,(t) are nonoscillatory functions, 
Y’l’??) --) 0 YFI 10) 
They 
+ 00 as t + a; yj”‘( t ) are oscillatory functions for j = 2, 3, . . . , n, n + 2, . . . ,2n. 
approach&zero cs t + = for j = 2, 3 ,..., n, and they are unbounded for j =n + 2 ,..., 2n. 
T~Mv~ 7. Let p( t ) and q”(t) be continuous functions and let q( t ) # 0 on [a, 00). Let 
q”(t) PO) 
1+ 1/2n and 
q(t) 40 
1 -(k+ 1)/2n (13) 
J. Rorder / Properties of solutions of dQferentia1 equations 43 
3. Main results 
Lemma 5. Let q’Y t) be continuous and q(t) > 0 on [a, 4. Let 
4”(t) 
4(t) 
1+ l/n E L[a. a). 
Then 
(i) q(t)‘/” E L[a, a), 
( ) ii lim q( t )’ exp 
t+x 
( -ld[j@,l’n dfi) =O, 
for ail CY, /3 E 08, CY # 0 and t, 2 a. 
The proof of the first part of Lemma 5 can be found in [4] and that of the second part in [ll]. 
We confine ourselves to the investigation of the oscillatory properties of (1) in the case that 
its asymptotic behaviour is given by (5) (in Theorem 2). The roots Aj, j = 1, 2,. . . , n, of the 
equation An - ( - 1)” = 0 and their powers can be expressed in the form 
A; = Re A; + Im Af = cos &s + n ( 2Tj.s 1 i 
2Tjs 
+ i sin &s + - 
1 n ’ 
where 4, = 0, if m = 2, and 4,, = ?r/n, if m = 1: 
After substituting into (5) we obtain 
x;“‘(t) = q( t )(zs+ l -n)Dn exp( Re Aj[>(u)"n du) 
/;: q(U) Iin du) + i sin(lm Aj[j(u)“” du)], 
and after nultiplying we have 
~I”‘( t) = Rj,S( t )[ COS Zj( t) + i sin Zj( t) + O(l)] , 
where 
.R,,.J t ) = q( tf2s+ ’-n)‘2n exp( Re Aj/l)(u)l'" du), 
Zj( t ) = Im Ai/14( U)*“r dtr + Cj,s, 
t0 
(8) 
(9) 
and ci,S = &s + 2njs/n. 
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From (9) we obtain real solutions Uj(t 1, q( t 1 such that 
q’(t) = R,,,( t )[ COS Zj(t) + O(l)], 
L?)(t) =Rj,,(t)[SiIl Zj(t) + O(l)], 
j=l,2 ,..., n, s=O, l,..., n-l. 
(10) 
In the following two theorems (the first one is for the even order of (11, the second one for 
the odd order) properties of a fundamental system included in (10) are given. 
Theorem 6. Let p(t) and 9°C t) be continuous functions and let q(t) f 0 on [a, a~). Let 
q’(t) 
and 
p(t) 
q(t) 
1+ 1/2n 
s(t) 
1 -(k+ 1)/2n (11) 
be in L[a, 4. Then there exists a fundamental system yj(t), j = 1, 2,. . . ,2n, of the differential 
equation 
y Gn) +p( t )y @) + q(t)y = 0, (12) 
such that for the solutions yi(t) and their derivatives of the order s, s = 0, 1,. . . ,2n - 1, the 
following hold: 
(i) if n is an even number and q(t) > 0, theit y!“‘(t), j = 1, 2,. . . ,2n, are oscillatory functions. 
They approach zero as t + 00 for j = 1, 2,. . . , n; and they are 
2 ,...,2n; 
(ii) if n r‘s an odd number and q(t) > 0, then yj”)( t), j = 1, 2, . 
lliey approach zero as t + 00 for j = 2, 3, . . . , n, and they are 
3 , . . . ,2n. lhe product 
unbounded for j = n + 1, n + 
. ,2n, are oscillatory functions. 
unbounded for j = n + 2, n + 
y;s’( t)q( t )(n+ 1)/2n 
is bounded for j = 1, n + 1; 
(iii) if n is an even number and q(t) < 0, then y:“‘< t), ~2: Jt) are nonoscillatory functions, 
$0) --, 0, YFj,( ) t + 00 as t + 00; yj’)( t) are oscillatory functions for j = 2, 3, . . . , n, n + 2, . . . ,2n. 
lhey approach zero as t + 00 for j = 3,4,. . . , n, and they are unbounded for j = n + 3,. . . ,2n. The 
product 
y;s’( t)q( t )(n-zs- Wtn 
is a bounded function if j = 2. n -I- 2; 
(iv) if n is an odd number and q(t) < 0, then y\“‘(t), yr$ ,(t) are nonoscillatory functions, 
Y’l’W --) 0 Yy:Jt) 
They 
+ 00 as t + a; yj”‘( t 1 are oscillatory functions for j = 2, 3, . . . , n, n + 2, . . . ,2n. 
approach&zero cs t + = for j = 2, 3 ,..., n, and they are unbounded for j =n f 2 ,..., 2n. 
Theorem 7. Let p(t) and q”(t) be continuous functions and let q(t) f 0 on [a, 002. Let 
q”(t) 
1+ 1/2n and 
p(t) 
4w 4(t) 
1 -(k+ 1)/2n (13) 
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be in L[a, 00). Then there exists a fundamental system yj(t ), j = 1, 2,. . . ,2n 
equation 
+ 1, of the differential 
(14) Y (2,1+1)+p(t)y’k’+q(t)y = 0, 
such that for y,‘“)(t), s = 0, 1,. . . ,2n, the following hold: 
(iI if n is an even number and q(t) > 0, then y 1”,‘_,. 1(t ) are nonoscillatory functions which 
approach zero if t + 00; yj”‘< t ) are oscillatory functions for j = 1, 2, . . . ,2n. They approach zero as 
t +m forj= 1,2,..., n,andtheyareunboundedforj=n+l,n+2,...,2n; 
(ii) if n is an even number and q(t) < 0, then y@) *,, + ,(t 1 are nonoscillatory functions such that 
yy,‘+ J t) + 00 as t + 00; yj”)( t) are oscillatory for j = 1, 2 
j = 1, 2,..., 
, . . . ,2n. They approach zero as t + 00 for 
n,andtheyareunboundedforj=n+l,n+2,...,2n; 
(iii) if n is an odd number and q(t) > 0, then y yi+ 1( t 1 are nonoscillatory functions which 
approach zero as t + 00; y;“‘( t ) are oscillatory functions for j = 1, 2, . . . ,2n. They approach zero as 
t +m forj= 1,2,...,n - 1, and they are unbounded -for j = n, n + 1,. . . ,2n; 
(iv) if n is an odd number and q(t) < 0, then y(‘) *,,+ 1( t 1 are nonoscillatory functions which tend 
to infinity as t + 00; yj”‘< t) are oscillatory functions which approach zero as t + 00 for j = 
1, 2 , . . . , n -I- 1, and they are unbounded for j = n + 2,. . . ,2n. 
Proof of Theorem 6. (The proof of Theorem 7 is analogous.) Suppose q(t) > 0. If we put m = 1 
in (l), then we get (12). Then, by Theorem 2, equation (12) has a fundamental system Xi(t) 
given by (81, where hj are the roots of the equation A*” + 1 = 0. 
If n is an even number, then the equation A*” + 1 = 0 has 2n complex roots a! + pi, p # 0, in 
which n roots are such that cu > 0 a& n roots_such that a! < 0. If for each pair of the roots 
cx ) pi we construct the real solutions of (12) by (lo), we obtain the following fundamental 
system Yj(t ), j = 1, 2,. . . ,2n, Of (12): 
Yj”‘( t, = Rj,_c( t)[ COS Zj(t) + O(l)], j = 1, 2 ,..., $2, Re Aj < 0, 
yj’“‘(t)=Rj,,(t)[sin Zj(t)+0(1)], j=$+l,...,n, Re A,<09 
Yj”‘( t, = Rj,_c( t)[ COS Zj(t)+O(l)], j=n + l,...,$z, Re Aj > 0, 
y;“‘(t) 4, s (t)[sin Zj(t) +0(l)], j= $z + 1,...,2n, Re Aj> 0. 
By Lemma 5 it follows that q(t)‘/” E L[a, 00) and so, by (9), the functions Zj(t) tend to 
infinity as t + 0~. Then the functions cos Zj( t) and sin Zj( t) are oscillatory, and therefore yj”‘( t) 
are oscillatory functions for all j = 1, 2,. . . ,2n and s = 0, 1,. . . ,2n - 1. 
If Re Aj < 0, then from property (ii) in Lemma 5 it follows that R,s( t) + 0, if t + 00. SO 
y;‘)(t) + 0 if t + 00 for j = 1, 2,. . . , n, and all s. From property (ii) in Lemma 5 it follows that 
limq(t)+ exp 
t-m [ 
laijfq(u)*‘n du =m. 
to 1 
Therefore, for Re Aj > 0, we get Rj,s( t ) --) 00, if t + 00. So the functions y,‘“)(t), j = n + 
1 Y.--P 2n, are oscillatory and unbounded. 
If n is an odd number, then the equation A*” + 1 = 0 has 2n complex roots cy &- pi. When 
p + 0, we have two roots which are + i, n - 1 roots with (Y c 0 and n - 1 roots with a > 0. 
Since Im Aj Z O for all j = 1, 2,. . .,2n, one has Zj(t) + 00, as t + 00 and all functions uy’(t ), 
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J”‘(r) in (10) are oscillatory. As in the previous case we get that there exists a f a.’ 
s&tern ui(f) such that yj’)( I) are oscillatory and approach zero if t + 00 for j = 2 
y;‘)(r) are oscillatory and unbounded for j = n + 2, . . . ,2n. In the case j = 1, n + _ 
we have the solutions yl(t ) and Y,~ + Jr) such that 
y’;‘)(r) =q(t)(2s*L-“)‘2n[coS q(t) + o(l)], 
y$Qt) =q(t)i”+‘-““2R[sin ~~+~(t) + o(l)]. 
From these equalities it follows that yj’)( t )q( t )(” - *‘- ‘Vet are bounded functions. The case 
q(t) < 0 can be proven similarly. 0 
4. Discussion 
Let us consider the differential equation 
y” + stay’ + bPy = 0. (15) 
We can easily verify that tne assumptions of Theorem 6 are satisfied if b # 0, a < - 1 and 
/3 > - 2. So the Euler equation is a special case when we can apply Theorem 6 to (15). By this 
theorem (15) is oscillatory if b > 0, ar < - 1, /3 > - 2, and nonoscillatory if b > 0, a < - 1, 
fl> -2. 
Generally, for the differential equation 
y@) + at ay(k) + bt By = 0, (16) 
the assumptions of Theorems 6 and 7 are fulfilled, if b # 0 and 
/3>-n, at- 
n - (k + 1) 
p+1<0. 
n (17 ) 
The assumptions of Theorems 6 and 7 will also be valid if in (16) we put p( t ) = f( t )t a 
instead of at Q, where fct > is a bounded function and a, p satisfy condition (17). So, for 
example, the equations 
Y (iv1 +f(r)tay’ + btSy = 0, (18) 
y(“’ +f(t)t”y’ + btSy = 0, (19) 
where ar, p satisfy condition (17) and fct) is an arbitrary bounded function, have oscillatory 
solutions for every b f 0. Since the function f( t It” is not necessarily of one sign, we cannot 
apply the results of many papers [1,5-7,9] to (18), (19). 
For example, in [9] it is proved that if P(t) G 0, Q(t) < 0, Q( t ) not identically zero in any 
interval of [a, 4 and 
/?*“Q(t) dr= -a, for some O\(E c 1, 
‘a 
/ 
x 
tP(t) dt > -00, 
a 
(21) 
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then the differential equation 
ytiv) +P(t)y" + Q(t)y = 0 
has a fundamental system which consists of two oscillatory and two nonoscillatory solutions. 
One of the oscillatory solutions tends to infinity and one approaches zero. 
If we apply this theorem to the differential equation (16), then condition (21) will be satisfied 
if a G 0 and at < - 2. Condition (20) will be satisfied if 6 < 0 and p > - 4. (If p E ( - 4, - 3), 
then it is sufficient to choose E = - 3 - p, and if p >, - 3, then E = 0.) So this theorem can be 
applied to the differential equation (16) (n = 4, k = 2) if cu < - 2, p > - 4 and a G 0, b < 0, 
while Theorem 6 can be applied if (Y < fP - 1, p > -4 and 6 # 0. 
As in [6,7] the differential equation (1) is studied under conditions that the coefficients of (1) 
are of one sign. However, some of our results are more generally valid in the sense that they 
are proved to be sufficient conditions under which all soiutions of (1) are oscillatory. 
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